In this paper, we consider a class of fuzzy stochastic systems with nonhomogeneous jump processes. Our focus is on the design of a fuzzy fault detection filter that is sensitive to faults but robust against unknown inputs. Furthermore, the error filtering system is stochastically stable. With reference to an H 1 performance index and a new performance index, sufficient conditions to ensure the existence of a fuzzy robust fault detection filter are derived. Simulation studies are carried out, showing that the proposed fuzzy robust FD filter can rapidly detect the faults correctly.
Introduction
In modern manufacturing systems, their operating conditions are highly complex [11] . Also, it is well known that when some components are malfunction, it will cause poor performance so much so that the system may become unstable. To improve safety and reliability of the manufacturing system, fault detection become an active research topic in the past decade. On the other hand, since the introduction of Takagi-Sugeno (T-S) fuzzy model [18] , where a complex nonlinear system can be described in terms of a family of IF-THEN rules, the T-S fuzzy model based approach has been applied to the study of control problems involving nonlinear systems [5, 4] . It includes studies on fault detection for T-S fuzzy-based nonlinear systems, (see, e.g., [14] and the references therein). However, the obtained results are for nonlinear systems with constant parameters, that is, these results are obtained under the assumption that there are no sudden switches nor stochastic disturbances. Clearly, this assumption is not realistic for many practical nonlinear systems. In reality, random abrupt changes or variations in structures or parameters are normal. They are caused by sudden environmental changes, stochastic switchings of subsystems and system noises. This is a major motivation for the investigation of Markov jump systems (MJSs), where the systems are T-S fuzzy based.
For Markov jump systems (MJSs), it has been an active research area since the publication of the pioneering work in [8] . The main reasons are: (i) MJSs can provide better models for practical systems with variations in parameters or structure, caused by sudden changes in environment, or operation conditions and (ii) The dynamical behaviors of MJSs can capture the phenomenon that occur in practical systems in areas, such as aerospace industry, manufacturing systems, economic
Problem statement and preliminaries
Let ðM; F; PÞ be a probability space, where M; F and P represent, respectively, the sample space, the algebra of events, and the probability measure defined on F. Let fr k ; k P 0g be a discrete-time Markov stochastic process, which takes values in a finite state set K ¼ f1; 2; 3; . . . ; Ng, and r 0 represents the initial mode. The transition probability matrix is defined as PðkÞ ¼ fp ij ðkÞg where i; j 2 K, and p ij ðkÞ ¼ Pðr kþ1 ¼ jjr k ¼ iÞ is the transition probability from mode i at time k to mode j at time k þ 1, which satisfies p ij ðkÞ P 0 and P N j¼1 p ij ðkÞ ¼ 1.
Consider an uncertain discrete-time nonlinear MJS with time-varying transition probability over the space ðM; F; PÞ. We assume that it is represented by the following fuzzy model:
Plant rule m IF h 1k is M m1 ; . . ., and h gk is M mg THEN 
where
and M mn h nk is the grade of membership of h nk in M mn . It is assumed that l m ðh k Þ P 0; and
We can show that the following conditions are satisfied:
Then, system (2.2) can be written as:
To detect the fault f k in system (2.2), we need to construct a filter. Now, suppose that h 1k is M m1 ; . . ., and h gk is M mg . Then, a general filter maybe constructed as follows:
ð2:4Þ
while the fuzzy filter is obtained as:
ð2:5Þ wherex k is the filter state vector, y k is the input of the filter, and H m ðiÞ is the filter gain, which is to be determined. r wfk is a residual vector, which contains information on the occurrence of the faults, both on the time and the location. Clearly, system (2.4) is mode-dependent.
Augmenting system (2.2) to include the state of the filter, we obtain the following fuzzy error dynamical system: Since the transition probability is time-varying, it is clear that the system follows a nonhomogeneous jump process. The variation of the transition probability is enclosed by a polytope, which is in the form given below: To proceed further, some definitions and lemmas are needed.
Definition 2.1. For any initial mode r 0 , and a given initial state x 0 , system (2.6) (with w k ¼ 0 and f k ¼ 0) is said to be robustly stochastically stable if the following condition holds:
Lemma 2.1 [19] . Let Q ; W; S and V be real matrices with appropriate dimensions. Suppose that S is chosen that S T S 6 I. Then, for a positive scalar a > 0, it holds that In this paper, our main task is to design a mode-dependent fuzzy filter (2.5) for the nonlinear system (2.2) such that the faults of the system can be detected correctly and rapidly as soon as they are occurred. For this, we shall introduce a residual evaluation function and construct an appropriate threshold. Then, an alarm signal will be generated when the value of the residual evaluation function exceeds the defined threshold. Furthermore, we shall show that the resulting error filtering system (2.6) is stochastically stable.
Stochastic stability analysis and threshold computation
Let us first deal with stochastic stability of the error filtering system (2.6) (with f k ¼ 0 and w k ¼ 0), where its transition probability is defined through a time-varying matrix.
Lemma 3.1. For a given initial condition x 0 , the error filtering system (2.6) (with f k ¼ 0 and w k ¼ 0) is robustly stochastically stable, if there exists a set of positive definite symmetric matrices P s ðiÞ and P q ðjÞ such that Proof. State equations of system (2.6) (with f k ¼ 0 and w k ¼ 0) can be written as: 
g Vð x 0 ; iÞ By Definition 2.1, system (2.6) (with w k ¼ 0 and f k ¼ 0) is robustly stochastically stable. This completes the proof.
h Next, to solve the robust fault detection problem, we need to calculate an appropriate threshold as detailed below: Under the assumption that the disturbance is L 2 -norm bounded, the threshold J th of system (2.6) can be set as:
) and the evaluation function f ðrÞ is formulated as:
where ½k 0 ; k 0 þ s is the finite-time window, s denotes the length and k 0 denotes the initial evaluation time. On this basis, the following test can be made for fault detection.
f ðrÞ P J th ! with fault ! alarm f ðrÞ < J th ! fault free ! no alarm
There are dual objectives for the filter that we wish to design -robust against disturbances, while sensitive to faults.
Design of fuzzy fault detection filter
To achieve robustness against disturbances, we will design an H 1 filter for system (2.2) with f k ¼ 0, subject to admissible disturbances and modeling uncertainties, such that the error dynamical system (2.6) is stochastically stable.
The error dynamical system (2.6) with f k ¼ 0 can be written as:
For a given constant c 1 > 0, the following inequality is utilized to reduce the influence of disturbances.
Now we are ready to present the following result. Proof To establish the H 1 performance for the system, the following cost function is introduced:
ð4:4Þ
Under zero initial condition, it follows that:
ð4:5Þ
Thus,
By Lemma 2.2, we have
e P sq ðjÞ b A mn ðiÞ À e P s ðiÞ JðTÞ 6x
Under the assumption that w k ¼ 0; H sq ðiÞ < 0 implies inequality (3.1). Following a similar argument as that given for the proof of Lemma 3.1, we can show that system (4.1) is stochastically stable. On the other hand, as T ! 1; H sq ðiÞ < 0 gives rise to Jð1Þ < ÀVðx 1 ; iÞ < 0, that is
ð4:6Þ
It follows that system (2.6) with f k ¼ 0 is stochastically stable, and the prescribed H 1 performance is satisfied, which completes the proof. h To avoid cross coupling of the matrix product terms in condition (4.3) caused by model jumping, a slack matrix XðiÞ is introduced. Then, after standard matrix manipulation, sufficient conditions for the existence of an admissible mode-dependent H 1 filter for system (4.1) are obtained in the following theorems. To avoid cross coupling of the matrix product terms in condition (4.9), a slack matrix XðiÞ is introduced. Then, after standard matrix manipulation, condition (4.7) is obtained. Therefore, system (4.1) is stochastically stable and the prescribed H 1 performance index c 1 is satisfied. This concludes the proof. h Next, by Theorem 4.2, we will design the gain matrix of the robust H 1 filter for system (4.1), such that the resulting error dynamical system (2.6) with f k ¼ 0 is stochastically stable, and the prescribed H 1 performance index c 1 is satisfied. Theorem 4.3. Consider system (4.1) with time-varying transition probability, and let c 1 > 0 be a given constant. Suppose that there exist matrices P 1s ðiÞ > 0; P 2s ðiÞ > 0; P s ðiÞ > 0 and mode-dependent matrices P 3s ðiÞ; RðiÞ; YðiÞ; ZðiÞ and b Therefore, if (4.10) holds, the error filtering system (2.6) (with f k ¼ 0) is stochastically stable and the prescribed H 1 performance index c 1 is satisfied. Moreover, the parameter of the filter is given by H mn ðiÞ ¼ Y À1 ðiÞ b H mn ðiÞ. This completes the proof.
h Our second objective is to detect the fault as quickly as possible after its occurrence, by reducing the difference between the residual and the fault in the case w k ¼ 0, while guaranteeing that the error system (2.6) is stochastically stable. For this, we introduce a new performance index c 2 .
The dynamical error system (2.6) with w k ¼ 0 can be written as:
For a given constant c 2 > 0, condition (4.14) given below is to be utilized to enhance the influence of faults, while a required filter is to be designed such that the error dynamical system (4.13) is stochastically stable. The following cost function is introduced for system (4.13):
Under zero initial condition, J 2 ðTÞ can be rewritten as:
By Schur complement, it follows that JðTÞ 6x
Under the assumption that f k ¼ 0; W sq ðiÞ < 0 implies inequality (3.1). Following a similar argument as that give for the proof of Lemma 3.1, we can show that system (4.13) is stochastically stable. On the other hand, as T ! 1; W sq ðiÞ < 0 gives rise to Jð1Þ < ÀVðx 1 ; iÞ < 0, that is
ð4:17Þ
By Definition 2.1, it follows that system (4.13) is stochastically stable and the prescribed performance index c 2 is satisfied.
This completes the proof. h The following theorem presents sufficient conditions for the existence of an admissible mode-dependent filter for system (4.13). In order to avoid cross coupling of the matrix product terms in condition (4.20), a slack matrix XðiÞ is introduced. Then, after standard matrix manipulation, condition (4.18) is obtained.Therefore, system (4.13) is stochastically stable and the prescribed performance index expressed as condition (4.14) is satisfied. This concludes the proof.
h By Theorem 4.5, we will design a robust filter such that the resulting error dynamical system (4.13) is stochastically stable and the prescribed performance (4.14) is satisfied.
Simulation results
Consider nonhomogeneous discrete-time MJSs, which are aggregated into 2 modes, where Note that the values of these vertices are estimated, so the vertices of the polytope satisfies the normal requirement of Markov jump transition probability matrix. The simulation example we considered in this paper is nonlinear system, as the linear models are just linearization of fuzzy nonlinear system. Some real systems will be considered in our future work. By solving LMIs (4.10) and (4.21), we obtain the optimal fault detection filter, Then under the model-based robust fault detection filter, jumping modes, residual signal r k and evaluation function f ðrÞ of the stochastic nonlinear system can be obtained from Figs. 1-3 . We can see that the fault can be detected 1.21 s after its occurrence.
Conclusions
The issue on robust fault detection for stochastic systems with nonhomogeneous jumping processes is addressed in this paper. A polytope is used to enclose time-varying transition probability matrices. The filter is designed such that the resulting error dynamical system is sensitive to fault, while robust to disturbance. The simulation results obtained show that the proposed techniques are effective. 
